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1.1 Ir[p-u-ducﬂnn -

Anikog filiess are designed wsing apalop components like resistors (R), anductors (L) gng
capacitors (). While digital filters are implemented ssing difference eguation.

The digital filters described by differentinl equitions can be {mplemented using sofiware ik,
T or assembly langoage, We can easily chonge the okgorithme so we can ecasily change the filter
characterigtics actonding B our requirement.
Basically there are fwo types of filters as follows
L. FIR. (Finite impulse response) fileer,
x K {Infinite impulse rsponse) fibler,

We will study esch type in detall; later in this chapier. Presenily we will compare analog ang
digital filters by sodying advantages s dissdvantages of digital fileers.

111  Advantages of Digital Filters :

Lo Many input sigeals can be filtered by ane digitnl filter without replacing the hardwan,

¥ Drigital filbers hive characteristic fike linear phass response. Swch charsciosistic 15 not podsibde
10 obbiin in case of mnalog filiers.

K The performance of dipied filters. does nol vary wilh envirmmental parameicss. Bui the
environmental parameters Hke fempersture, homidity 21, change the valwes of componenss in
case of anabog Tillers, S0 it is meqeired 0 calibrate aislop filers periodseally.

4. In case of digital filters; since the filtering is done with the help of digital compuier, boch

filtered and unfiliersd data can be saved for further use

Unlike unnbog fitiers, the dipiral filbos are poriahle

Fromn it s unkl b performance of digital Wiers s repeasable,

The digital filtess are bughly Rexibbe

Using WLSI techaology: the hardwire of digital filers can be redoced. Simdbarly e power
s D can b redoced,

9. Driyrital filters can be used ot very low Fequencics, for example:in Bionedical applications,

o Do

10 o ocase of analog filiers; maintenoncs & fequently egaeed, Bug far digiinl filters i is oo
recuired

1.1.2 Disadvantages of Digital Filters :
1. Speed limitation :

bie case of digital Tfters; ADC and DAC sre wsed. 5o the spesd of adigitnl filter depends on
the comversion tme of ADC and the ssthog ke of DAC, Similady the spesd of opersiion of
digisul filter depends oo the speed of digital processor, This the Bandwidth of s signal processed
s limaled by ADC apd DAC In meal Hme applicetions, e baedwidih of digital Gl js mwich lewer
than amalog flkers: .




2. Finite wordlength effect :

The accuracy of digifal filler depends on the wontlength used 1o encode them in binary form,
Woedlength should be long esough o obtain the required accoracy.

The digitsl filters are nlso affected by the ADC noise, resulting from the guantization of
contimuols signals. Similarly the scouracy of digital filiers is also affected by the roandoff oojse
pocHmed Suring comgueanion
3. Long design and development time :

An mitial desipn and development time foe digital hardware is more than analog filers,

1.2 Filter Design Methods :

In-order to design the digital IR filier: anabog 1R filter s designed first, Then asadop filier i
converted [ntg the digital filer Here v may ask s guestion, why o design Eigital fileer from
anakbog flier 7

The reasons are 3 follows
(1 The proceders to design analog Gller s readily svailable and 118 Bighly advanced:

(2}  When we design digital filter using analog filtee then the implementation becomes ainple,
The differeet metheds e 1o design TR files are a3 lollows

(1) Approxemston of denvatives. {2} Impule invariance, (31 Bilineas transiormstion,

(4) Matched Z trandfiorm. (5] Lenst squane filter design.

1.21  Approximation of Derivatives :
Corsider an analog differcotator with transfer function H_ [ #), The function of anabes

differentintor 5 to take the derivative of analog input signal. Let x (1) be the input sipesl - apnlied o
analog dafferentisbor. Then b outpat can be written as,”
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Consider analog mignal as shown o Fig, K-1(a).
Sipce the ouiput is the differentiation of mper Hhen from Fig: K-1in) we can write,
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Fig. K-liz) : Anubog signal
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Equation (3} gives the innsfer fupction of digial filer,

Moo we will obtain the tmrsfer fonctica of analog filter,

W hgys,

d
yit) = x(1)
Taking Laplace transform we get,

s} = sX{a})

Yis)

el L e e

X (8} (sf=4 il

Equaticon (4) gives the tuasfer fsctbon of asslog filker,
Comparing Equations (3) and (4) we get,
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Thas trsnsfer fupction of digital fiker is obidined by fpubting & = ",f In the equation o

the transfer function of digital fler

Thit menns,
HiZy =!I=|s.:| el el
I =
T
Mapping between s and I plane @
Wi harve,
b BT
B = T
Multipfying mimcratos and dencainator by 7 we gk,
Z=1
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We know that *5° s the laplace operator and it is expressed ag,
Bomg+ild
Putting this wales in Equation (T) we pel,
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Z =

A 1 Il_ﬂ+fﬂ1‘
T 1-oT-i0T 1=-aT+jar
. Il =aT+ji6T
= E 3
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Pating o = {0 in Equation (5} we gal,
oT
Tim—— g ; )
1+ QTY ~1+(0Ty
Mow ns {2 varies from = = 0 + ==, the comesponding locus of points in & plane is & crcle of

mﬁu;il and it cealre al £ = % Thiz magping is shown in Fig. k-l{bL
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Fig, K-Iib) : Mopping between 5 and & plang



This mapping ahaws that,

i} LELE. of 5 plane is mapped onto the points inside the cirele dn 2 plane havin, sadins =

P [

and centre &t £ = -%
i} BHS. of s plane is mapped omo the points oussice the cieche in 2 plane.
iy The stable anabog fiker is converted into stable digital firer.
Limitation of approximation of derlvatives method :

This method 5 snitshle only for desigaing of low pass and bandpass IR digial flkers with
nelatively amall resonant frequencies.

122  Impulse Invariance Method :

In this method, the desipn sturtz from the specifications of analog e, Heré w. have i
replace analog filter by digitl filier. This is schieved if impulee reaponse of digital flter rosomibles
thie samipled version of ‘impulse respanse of analog filier, 1T fmpulse mesponse of borh, analog and
digital filter maobches ibén, both filkers perform in & simibar manner,

Before stodying this method we will Hat out the different notations, we sre going 1o use,

hit] = lmpnise response in thne domuin
H (5] = Transfer function of anadog filter; bere 's is laplace operaior

tl[:I'IT‘:I

Samnpied version of b (), obtaingd by replacing by :|.|'|.!.
HiZ)

Z transfoen of b (T ). This is response of digita? filker,
0 = Anulog frequency
i o= Dipitsl Irequency
Transtormation of analog system function H, ( s lo digital system function H({Z } :

Wow et the. sysem wwnsfer function of snaioey filier e Hy{e) We can express H, {s) in
eerms of pareal fraction expansion. That mesans,

AL A A

H{z] = e 3.
i E-—PI H'_PE 5—]:'1
5
A Htay = 3, * A1)
H :'l_P
k= k

Here A = A Ay e Ao are the coefficients of partial fraction expansion,

a&dl’k

B P, .. Py oare the poles.

&




it

Here 's" i4 the laplace opemtor. 3o we can obisin impolse response of amalog filker, h{t)
goms H (5} by taking ‘inverse laploce of H (8). 50 esing standard relation of inverss laplace we
e,

!
Bit) = 3, ;.k:ll )
k=1
Now amit impulse response for dsscrete structume i oblmned by sampling b {t), That means,
hin}can be obtained from h{t) by replacing ' by n T, in Equation (2}

M
PnT
bin} = 3 Aet 3
k=|
Here T, is the sumpling time,

The system tmansfer function of digital filker i= denoted by HOZ ) It is obtnined by mking

i Faransform of i n% According ro the definition of Z-trassform for cawsal sysem,

HiZ) = % hin}Zz™" 4
=t}
Putting Frpeation (3) in Bguation-{4) we pes,

o [N
Hiz)= 3 | B aver iz
n=0| k=1
i =
soHEre XK § oerhlig
k=1 n=i
™ -
= Higie X & % (Mg ‘)u )
4B}

This is the regaited transfer fasction of digital filler.
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Thus comparing Equation (1) and Equation (6}, we can say that the transfer function of
digital filier is obtained from the transfer fanction of analog filter by doing the transformation,

(T

Equalbmmshwz.wﬂupn]qﬁnmuﬂngdmuhmm:mmmﬂ:dmm
domain. This trnsformation of poles is called ns mappng of poles
Relationship of s-plane to Z plane :

W‘:hnwﬁltthl:-pﬂlﬂnfllkﬁngﬂlmmhﬂﬂdﬂu-ﬂ.m#ﬁmﬁqﬂﬂﬂm{'?]m
can say that the poles of digital fileer, H({Z ) ar= located at,

|
&oomigit B

This equatlon indicates that the poles of soklog filter 815 = Py are mansformed i o the ples

el
of digital filter st Z = & * *, Thus the relationship betvess faplace {'s" domain) and ¥ domain is
given by,

T
AN R —.)

Here s = P_and T s the sumpling tiine
Now a” is ila Iaplace operibor and 12 i axpressed a4,
g om g+ w10y
Heve o = Anenvation factar
and [ = Anslog frequency
We know the Z' can be expressed in polar form as,

Y o A1)
Heze *¢' i magnitude and ‘o' is the digital frequency.
Putting Equations {10} and (11} in Equation (%) we get.

j i LB T

g =g 1

T jur
i rc:“ = |:I‘:| '-:J . J12)

Separeting real and fmaginary parts of Equagion 1§12 we geor,
aT ;
AU N oA13)
md o = zrnT'

T - IIT’ 14}

Powe we will find the relanoaship between s plane and 2 plane Basically plog in 5" -dninain
means, o &8 platied on X-axis and jQ iu plotted om Y- axis. And Z-domain sepresentation means real
Z i ploted on X- mxiz and imaginary Z: i plotied on Y-tods:

Mow conssder Egquation (130, it s

oT
r=g "




tian o We will discuss the following conditions |
: i} W< 0, then ris equal 1 reciprocal of ‘e’ riise to some constant Thus range of ¢ will be ©
to 1.
AT A 13)
digita] Now ¢ < O means pegative values of o, That is LHS, of & plane, We koow that 'r' is the
rndivs of cirele |8 Z plass, "
S0 0 <r< 1" indicates Interior part of unit circle, This we can conclude that,
(7] we LLHA of &' planc is mapped nside the wnit circle,
I {ii Has0thenr=e =1
By
Pales
- Now @ = 0 mdicates %3 axis and r = | indicates undt circle, Thus,
i A nmis i 's" plane is mapped on the ool cirche,
fifiy Has=n0 then, ris equnl to 'e' raige o ssme codsiant, That means > 1,
e i e
Mow o > 0 indicates RHE, of s plane snd 'r' > | indicates exledor part of wnit cincle
A0y Thus,
B HE of 's' plase k= mapped optside the unin crele,
Comhbining all conditions; this mapping & .shown in Fig. K2,
=S |t 3
[ [ B 53 5 75 7 1
i = @—i—--l
| il
2 | S
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| i i
1 Fig. K-2 ; Belathmsiip of 5 plane o f-plane
Disadvantages of impulse Invariance method :
143
it (1) We know thal "1 is anabog frequency apd its mnge is’ from % £ — ,}_—r Wiale the digifal
i W
real " X n
froquency ") varies from — 7 to . That mesns from e - "o’ maps from —m oo = Lei
k be any integer. Thes, we can write the poneral range of €2 as (k-1 ]-11 W (k+ 1 |_|_£; b
i




for this range also; ‘o’ maps from ~ n to K. Thus mapping from nalop frequency ‘1 to
digital frequency ‘0" is many s one. This mapging is not onc 40 cne.

{2)  Analog filters are no! band limited so there will be aliasing due o the sampling process.
Because of thes aliasing, the frequency response of resulting digital filter will not be identical
o the original frequency response of analog filer,

13} The change in the value of samplisg tme (T, ) bas 1o effect o the rmount of afiasing.
Some: standaed foemulne for traesfonnation in impulse invariance method are a5 follows

. i 1
(i =y =|—L~".T|-;.r_ |
W L it
{E+a) +bh I—!e""'rtlthqli."w:'m--I 3
“af, ., 1
(dz) hl T v s il = >
* [sta) +h 1 -2 [cos bT, ]2+ T, 2

Design steps for impulse invarance method :

Step 1+ Amalog frequency traneer function H(s b will be given If it is not given thes, obiain
exprosaion of H (5} from the given specifications,

Step I If required expand H (%) by using partial friction expansion (PFE),

Step U1 : Obtain Z transform of cach PFE torm using imgualss invariance transformution aquarion.

Step IV : Obtain H (2 ), thes is required digital R filler,

Solved Problems :

Prob. 1 ¢ Find out H ¢ Z 5 using impulse invarancs method af 5 Hz sampling frequanacy from H {5 )
a5 piven berow

5]

R . RV ErE)

Soin, : 7
Blep Ty Given snalog wanzfer fumction s,

£ Ve p— 1
:I (sl )105+2) i

Step 112 We will expand H | 5} using pantial fraction exparsion as
MH e = I‘LI i Az = |
(x+1) [a+d)
Thus poles are st Py = —1and P, = - 2,

Mow values of A; and A, are calculzied as foflows ¢

'ﬁ'l = [x—FI]H‘.E-:I

rap
[




s A, =(s+l)

[5+1_}-1_1|+2]

Em—]
o
L
= | = v P
and A, (5 P*”””t.-p (34 :I[a-ll.]u+‘1:,=_:
1
i
) e
Futﬁug-ﬂmsq{nlmdh:ulﬁquuﬂmﬂ]w:m
e ey D e

(541} (842}
Step I = Now we will obain the -tramsform using impulse invarance trunsfarmation squaiion. 1t

is;
' ; ' AR
E_PL 1-'EFIT!'?;_I
Fere T, = Sampling time. Now given sampling frequency i8 F, = 5 Hz
Tl :-;-—:%:{LE.H:E_
wie have podes-at Py =<1 ond Py = -2
So using Eguaton (4) we. ges,
1 i 1
5 = . A5]
54 | [ g VER2} =1 g o ~OE =]
1 i 1
. L. S - - ()]
w+2 i Lt - AL B et
Step TV ¢ The wransfer functon of digital filer is given by,
5]
Ay
k-l .
In this case we get,
A A, -
Hi{Z}) == PEE = H
T T el I L

Laing Baguations {5) and (6] we pei,
2 2

H{Z} = — -
R e B

i
i R e— = T
1-0818Z2"" 1 -06rZ”



To convest each term imo positive powers of Z; multiplving sumerator and denominator of
ench term by Z we per

b
hsie zqnms'zﬁm
Z(Z~067)—22(Z—OB1R)

[Z-0818)(Z-0.67)
e A B L e e
T (67 Z - DHIEZ+0.54
029.Z

s HIZ) =

o H{Z) =

This i the required transfer function for digital TR fber.

Prob. 2 : Determine H( Z} using impulse invenanca mathod for I system function,
1 i i
iS5+ 085 +05842)

Hisj =

Soin. 3
Step 11+ The given trunsfir fanctios bs,
1

Hig)y =~ Wl

favﬂ.i][sz+ﬂ.55+2}
Step Il ¢ In the pastial fraction expansion form H{ s ) can be written us,
| A Bis+ O
Hig) = ) + v
(3+05) [ +05:+2) (s540.5) (& +058+2) &
Let us whtam the values of A, Brand C
| _ AP 054+ 4(Bs+C) L5 +0)
[g+i.|_'r]iii+l:l..'n+1:| (x+[}jp|gj+l}_ﬁ’1+11
o A H0Ss+ ) LB+ T E405) = |
s A FADS s+ ZA+ B+ BOSs4+ Ca+05C = |
51{A*B]+sru.5ﬁ+lr.5'|1-rc':|15.2_-!., S = | A
Now & lerm is absent in RH.S.
s oA+ B =10 Al
Similarly '3 teein 4% afsent m RUHS
L O BEA+DSHE+C =0 w5
And A +OFE = | 8]

Mo, we will solve Equatkoms (4), (5) &nd (6) to olzain ihe viboes of 4, B md
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From Bqoation (41,
B =—A

Patting this valoe in Bquation (5} we get,
05A=-03A+C =19

Fren Equation {6}, 440 =1

Hinos B o= — A wik oL

Putiing these values in Equation (1) we geq,
0.3 D35 - i

08 Wl 518542
To sse the standard ransformation formulse we will conven the secomd term an EH.S5. m the
(s I
PR—— uﬂd PRI
(p+alab®  (sdalieh
Consider the term 5= + 85+ 2. 1 can be expresssd as,
S +05e+2 = (5 4055400625+ 19375

L%+ = (54025  + 01290
Purting this value in Bguation (Ti e gel,

Hig) =

formm

o4 B5a
Hi{z) = T |
180 = e0s (se028 0+ 1290
r 25— 0.2 '
& Hig} = L2 _p —'E'%_z
405 | (540251 +(139)
i
P T L O - Y e
E+05 |.15+‘315'5' {025+ E32)

Now we want the pumemstor of thind tenn equal 1o 139, 1045 aranged as FoalBoms,

— [ _s+035 ] 0S5x025] 13 ;
++0.3 ']_Iaallli"'lx 139 | (540257 + (139

05 [ a+02s 1,39
s OHE) = — -0 .089 : &)
e = s Lg.-nzﬁ;ﬁ] [HJ-U.ES‘]'H:I-?HJ] '

o recall the standard eramslormation formulae,



] 1
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(i} o 1-e [ conbT, 12"
|:E-ra'|=+hz |—1'-'-'?'|th.|3-|+|:'1"'1|-;'!
—I.T'I ; iy
i) I:‘1 = § == : L) hT' 1.3 e
(84ay +b* I'k_#'[ﬁﬁhT.]?.'l+¢'2'7n-z'*

Step I ¢ Using these formela, equation of H {7 ) con be obtained from Equsation {83 ns follows -

| - ‘L“T.lmlj';'usr."

H{Z) = o

|-|=";“'*T'.-z"d['j

126" L Loos LT JZ 7 407 ™ 7, 270
~05T =
= ¢ L s lngn:lz
I
1 =2 T o 130Ty 27 46T, 27

This 12 the recuired  tunsfer fapeton. Mote that the valee of T. 8- nat given in the probiem;
w T ia kept as it 5.

1.23  Bilinear Transformation Method :

In case of npalse invanance method, we kave swdied that e mapping i menv o one, S
this' methind is not svitable i design high-pess fileer and band reject filer,

In caxe: of hilinear mnsformation; the mapping 4= one 1o ope from 5 domain 1o te £ domsin,
S0 there ie no-alising effect. The limitations of impular iGvanance method are overcome by using
BLT methad,

Consider anatulog tiegrator as shown in Fig, K-2(A)

gt i) ——+—t (P28 Lo Output iy

Hylsl= &

Fleg. K-2iA)
The response of analog inteprasor s,

|
H (s} ==
LBy . [
Input i Taplace dormain ds X (s) arad sutpet in Iaplace domakn s ¥ (5
For lime pesiod T: 1the difference in- ouipot is given by,
!

Yig)-¥iy) =Jx(a1 a7 2
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Consider input signal as shown in Fig. K-208).
xj1)

Fig. K-2{H)
Here we have assumed Dwo- inpul - posthons X 06 ) aod x4 1y b Corresponding sutpur s
demoted by Y {1 b and Y [ 65 ) respeciively. Mow arca under the curve B addition of arca: of wangie
ABC: and area of reclangle ACDE

‘|’|'in- T[II} = %[a_,,- Il_l[:l:l:12}—:|.|:1.|j}+1|:ll:|-ﬂ_l._! - !13 ]

As shown in Fig. K-2(B), wmoe period 13 = nT, Thas time peried © is-nT, — T, Tha
mesns g5 =ty = T,
Putting these vakues m Eguation (3 we gel,

lT[r:frtTﬁ]—xl;ﬂTl TJ] + 1[n'rl 'l"}TI

Y{oT)—¥(nT, =T }.= 5

LT x{nT, - T )4+T,x(nT,-T }

'.lxxl_u I} ="

P =

YinT }- ¥t -T,)

I R e
- ‘I’l:nTa] ‘HnTE-T\SJ ET_F:-i'[r:T“}+%T_11|:nI‘-I¢J

‘|’|fn'1'ﬂl| —"t"[:n'i‘ill-Ti =?.[HI'F|T‘]"II:I'I-T‘-71]] )

Taking & tracsform of bath sides we gel,

T
Y(ZI«Z 'Y {2} = ?‘[x[:qﬂ:"xt;uj

a¥(zy[1-2""] =%[:~:Lzul-rz' "]



XiZ) = r le -8)
MNow we have transfer function of analog filber,
1
H (s) = s w6
Equating (5) and (6] we get,

AT

W
TT | #+1 -8
Hese T, is the sampling time,
We know thee 's" is the laplace operator and b can be expressed. i,

g = Ij-l-m .[QJ
Now the equanon of Z in polar form is,
Ju
£ =18 ..I_l'iF_l

Pattang Equarions (9) and {10} in Equation (4} and mmliiplying numeraior and denoninmor iy

fre 1) we pet,

ssig =21 im0
Tl_r:jmi-l.J n:_Jm-l-l

S l-i._em-n_'m+mjmrm_jm—t_ o
I _FeTn-c_m+n.-:'m+ru-p+l -

i ~jm
Bute e * =&%=1

5 i P | e N (123
T, rzuem+r-u-|m+l
Ejm_ - jii - |15
Mo we have, T’ = &1 4 apsd Eﬂ%:mn

We will morrange Equeation {12 as follows
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T'z_l Ar i o

Lomai = i vl 13D
[r1+2n:mm+] j;1+2:|-;u;.5m+l {
Equating real and imaginary parts of Bquation (13} we get,
1

g = —:-:— o L
¢+ 2rcosta+ | ity
and 1 = lx rane A15]

o Breos w4 |
Mow we will dascuss the fﬂﬂuwmz conditions related o BEquation (#4),

i When < I then o <0

Hete r < 1. means isterior part of circle having unit cirdle and '@ < {1, means o is nepative
which is LHES of s-plane, So this condition indicates that LH.S. of & plune maps inside the uni
circli,
{ily Whenr=1lthecno=10

Mow ro= | mesns ot circke sl o = (1 means {0} axis. Thas this: condition dndicates that the
iLd nxis meps oo the wt circke,

(i} When r> 1 then o> 10
Here r = 1, means exterior part of onit circle and o > & isdicares that & 5 posbive. means
RH.S. of spline, So this condition indicaies that LHS. of s-plane maps cutside the unit cicle,

This mappng 15 simdlar w0 the mapping in impoise ivarance method, a5 shown in Fig, K-2.
But i :mpulﬁe mmvarianee method mappleg is valid oy for pobes © while in bilinesr transfoemstion,
mapping = alid for poles & well as sems,

How stable analog filter is converted into stable digital filter 7

Analog filter is stable if the poles e on the LH.S, of s-plane. While the dipital fleer is
stabile 3f the poles are inside the anit circle in the Z-domain. Now condition (i) indicares that L.H S
of splune maps inside the unit circle. Thus stable enalog filter is converted into siable digital filtee.

Frequency warping concept :

Here we will ofiain the relatiomship of j4 axis in s-plane to the unit crele in the Z-plane
= 1}

Recall Equation (15,

0 =i _ hrsinw
T, r:-l-hcmm-ll
Foe the umit carcde, £ = 1. Thas puilting r = 1 in the ‘squation of £ we get
0wl 2t
T 1+3cosmd |
P ] ||-i R

T 24208



AT W & )
i T l+cosm ~(16)
We have the trignometrio identitics,
BiO 0 = Eﬁu%-m%mding e | 4 00s .
Thus Bouatson {16} becomes,
.l i}
" 1 Z5n 2 3
= T_ »— o
i e PP
. ik
3 25im 0}
n R =N e
1I Foomy 2
L= = r.m?
%
1 QT
w- = Iran L 1T
Mow for different valses of O T the graph of LT, versus o a5 shown in Fig K-3,
i
m
Fid | i3
T < 1 -f
Fig, K-1 : Mapping between o and £3
Dbservations :
I The entire rinie in £ is mapped only once imto the range -% < ® < X,
= The mapping &5 one o one.
] The mapping 4 highly non-linesr,
[T
Mow bocaise of the nonJinearity of iopgenl feoction 2 tan '| T’ i thesre exkars frequency

K}

warping or frequency compression
What is frequency warping 7
Bevause ol the non-linear mapping : tie amplitude résponge of digital IR filter i expanded

Al loywer frequencies and compresied al gher frequencics in comparison 1o the analog filter, This
effect e called as Irequency warping.
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Prewarping procedure :

We have dizcosesd the wampieg effect Bocaoso of this effect, theie 15 non-lisear congHession
of £ fo w waloes. To compensate fds effect | prewamping o prescaling procedure 5 used. This
procedure is ns folhows

T,
(i} The 62" scale is changed 1o prewarpped seale denoted by £ ad £ —_I.ll:m[m1 ]

M} Then snabog filter transfer function H {5} is obamed using values of 07,

{ii5} By applying the hilinear transformation, the desired digitn] frequency respanse H(Z) s
afitained,

Advanteges of bilingar transformation method :

1. There 1 one K one mfommaotion from the sodoman o the % doman.

& The mapping s one o ooe

i There 18 pe slinsing effoet,

4, Baable analog fleer o ranslormeed ot the siable digial fier,

Disadvantage of bilinesr iransformation method :
The mapping is non-linear and becanse of this frequeency warping effect inkes place

Comparison between Impulse inveriance and Bilinear transformation method @

Bilimear fransformation mathisl

Pn:nb:a £ I:rmfﬂrm:l by wsang the -equation,’
2 [z—l

=
T.12+1

e L E 1o A SRR PE

LIHJPIIE is ome o m

Alinsing effect is not present,
High pass filter and bund reject filler can

Poles a4 well as derta can be ogped

Frequesicy warpang effect i prasenl.

An o oanabog Bber has ke folowisg tranafer functon HiS) = g_il_l Lksing © bilingar

Prob. 1 :

framstarmndion Bchroque, detarmine b fransher function ol dgital Mier B 25 ond alan
wiite the difisrence agquation of digilal Hter,

Soln, = The given mansfer function is,

HS ) _41-_| i1
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L bilinesr transformation H (2§ is obtained by putting.

<320

Here T, is the sampling time; which & not given, So assume T, = 1 sec,

fz-1

Putting this value n Eguation (1}

4 I 1
HiZ) = Bt -
1y | 2= (ZE1P+2LEEL)
Z+] Z+1
Z+1
£ HE e
i Z+1+2E=1
Z+l
i THL AL e
S b
Thas s the transfer fupction of digitnl filber. Now we have,
¥iZ) Z+1
HIZE -
e XE T
Converting into negative power of T owe ge,
XLE)Y dwED)
K{Z) " 3271
YAZI(I<ZH) 2 X(Z) 142y

Wiz -2 ¥z = Zy+2 1 x 7
Taking EAT of bath sides,
Ivin)-yin=1) mx{nd+ni{n=1}
Iyfo) =xf{ni+x{n=1jevin-1}

g&miﬂ=“l[n]+ Afn-lllf—;rta;l f

Thas i3 the difference. squatscn of digital Rlier

Prob. 2 : The iransfer Tunciion of analeg fiter |5

Hig} = —-i—wrm'r < 0w,

[E+ 24k 3
Dasign the digtal IR Sear using BLT,

Soln. 1 The given wansfer function is,

His) = ——— - (1
W (a+dis+3) :

_-— R —
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el 3]

{1y

iy
D CSTTeT———— |

In bilinear transformation, H{Z ) s obmined by putiing |
[ E=1
o | FT
al_ ¥
Here TI = spmpling tinse = (1] sac.

2 | Z=1 Z=1
= =
J ujlz+1] [1+1]

Putting thas valee i Bgquation (1) we gt

)

3
H{?u’ B p——pmsmg p——
g fs—j]
W 2 B et A
SEREER
- i
H(Z) = >
C[wz-2 |[20Zz-:0 .
241 Z4l
H{Z) =- e 1) LE1)
; [(HE-0+2E+2) [ WE-43T+ 3]
Z+1)
-~ H{zy =
LE) = Tmrz—1ayz—1m)
z
S H(ZY HZHTZ+1)
SOE TR — 3742 — 414 2 + 306
e b e | T R2TF
s HTZ) = .{ + I'__

6T - TRRE + 306 [6RET 22— 6267 2+ 102
{yaz-] +3'1

6867 = 26265727+ 0227

This | the roquired trenafer function for digital TR fileer.

Prob. 3§ Design a &ngle pola low pase digital fifer wih-a 3 4B bandwidih of 0.2 = by use of
hilmear ranslonrration egphed to ®a analog filles,

o

Hig) = o :1 . where 0 is the 3 08 bandwidth of analog fifter
a

Soln. :  The given truester function of aralop flter &5,

L2

H L 3 1
{E:I Fr!]c

The cut-off requency of digital filier | w, } is given: It is
W o=02n 32



3 Wg] 3 [1].‘1:1:] 3
0 =-_.m[-- = | =X a0 n]
¢ T, 27T 2 T,
{65
y .I.I.l T (3
|
Patting this value m Equation (1) we gel,
0.65
Tl
His) = —z A4
5=+ T

]
Thus we have obizifed the imosfer function: of anibog filier in the sppropoate form,
Now tn obain H ( £ ) we have to put,

Z=~11

il
- —_— | 4
5 T Z4] i Expaanon {4}
0.65T
Hi{Z) = 8
21&=1 ] 065
Tl E#] 3
Multsplying numerates asid denominator by T, we ger,
.65 0,65
H{E) = = - =
-1 el
| s 65 as
[E+[]*DE z”""{'
f O Hiz) = —M5(ZH1)  055(Z+1)

2L~ 2+0BSZ+ 0BT 2652 - 14"
Drviding numersior and denominator by 165 we e,
D245 {Z+ 1) o251 421
BTy m—_ et Hf=cieas
Z-0.509 1 -5z

This ta the required transfer function for  dipital filler, Note that there & a simgle pole ar
Fy = 0509

Now ‘i the problem frequency of digital fileer 5 given which (= i, = (002 & and handwidih i
3dB. We will check the froquency response. The frequency response of digrieal filker is obtained by
pﬂll:im;E:tmjn the equation ‘of H{ Z ). Thos we et

Hiw) = H{Z)

L)

Zae

0245 e+ 1
A T e e S, (6

™ i 500
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If o = 0 then Bguation (6} becomes,
u.wq.:”n}:mg:]
e~ospe 049
Thas ar w0 = [k the mepaimde (H{wm )l =1,

02x we get,

Hib) =

Mow al @

L]

l,'.l.'lﬂl-ﬁ{&j'u-h+ I} . 0245 [coa (D2 +jsimiB2ni+]1]
928 _ nang cos { L2 b+ fain { Q2w ) — 0509

Hiw) =

0.245 [ 0,808 +1 0,587+ 1 |
0.809 + 0587 - 0,509

Him) =

| _ 0245 (1809 +]0.589)
7 L . 6.3+ 0,587
S Him)l =070 =3 dB
Thue the desired response s oblamed

Prob. 4 : The sysiem rensfer function o analog liler s given by,
5407
fie 04 :.'11 16

His) =

Cibeain g systemy irensser funclion of digital e gwing BLT which is esonam &t o = ;

Sakn. ;  The ghvén wassfer function is,

i+l
H[E‘l = T
(a4l 416
Lt
& Hig) = ——— 0

(01 P a4
From Egqustuen { ) we-can sy that 12 = 4,

The value of o is gives as o u%

Now we will find out the valee of sampling time T ) szng the relation.
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Using bilinear transformuotion H{Z) can be obeained by potting, s*%f%]m the
:‘II

equation of H (s ),

v HIE) = %
|'z Z—1 ]
—— +01 | +16
'E.ﬂ |I'E+I
A | e
4[ H]HJI §+f+lr!
ak H[E!- = 1! — E
=1 47 -4
d| == 1 = 1k L &
[ [ +1J+u } ! s ul-rna
AL —d A7 44 2+
T T T
H{Z) = : R s ah—
2 = 44 D1+ 01 418 =39
[ = Jz—m [ = r+15
41&5=-38
. A4l
W HiZ) = ¥ —
{16802 — 30987 + 1521
o et e atg
A
(AIZ-30) o
241
HiIZ) = ———s
1681 Z - 3082+ 1531 + 1607+ 1
5 H(Z) - {abd 3831 2+1)

16812231987 + 1521 ¢ 1622+ 22+ 16

0 e —FGF
Hz) « PLEHAIZ-352-35
BIREE 40022+ 3121
o —_—
oL A1Ziin2z -39

W2 40022+ 321

L1027 Lozpz-3
128l 4002 2~ 3t

HiZ}

This is the requbned transfer function for digical LR filer.
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and itz bencwidih &

Prob. 5 : : ; " 1
Tha analog irensfer funcion af low pess filtar &, His} v

1 radisec,
Design the digital filter using BLT method whosa cut-all Irequency & 20 n and sampling
fime I8 0.0167 sac; by considenng the warping afiect,

Soin. :  Given anufog trupsfer functlon is,

1
H = w1y
bk 5+3

For the prewarping procedure we have,

# i m'l'!_
LS B
P P 2
. 2 o= AT i
= _— Here o= AUk 0
. ﬂp “DEE_IIIH[ 5 J ] Lgrved]
g = A4l
[

Now the valee of M {5 15 obtained by putting s = E‘- i Egmarion {1 )
P

His) =
Bl n
ﬂI
P
» (R L
b SRR e
P | R
- 0,31 "
= — . |
B8 =
. 2 . E
Mow H{ Z) ig obtained by p-'ullmsﬁ—T —? in’ Fguatien (21,
- 231 69,31
antG} '_.HJJ ey WMlaeg [
. G NN ] -
HEZ) = (o767 11976+ 13622 + 13562
_ 6931 (F+1)
E M) S ey
V£) = s z+ 1888
241 ) I+£
+ B wete A L HE e
' 3732 +027 RN en

This is the reguired wansfer fumction for digal fikes.



1.2.4 Matched Z transfarm :

Tndmmﬁﬂmid:mﬂugﬂiwhmmmdmmmdiwﬁmwmnmmgpﬂhﬁm
zeros of H (s} directly into the poles and zeros in 2 plane.

Consiler that the transfer function of analog filter is given by,

¥ (s-%)
Hs) =S — A1)

¥ =B}
k=1
Here 7, represents the: zeros of system and Py represends the poles of sysiem
bn thes ncthod; e poles obtained frum matched Z trinsform are idensical o podes obitained
with impulse mvasiance method. But the sero positions. are differest than impulse invariance method,
The wanster function of digital filler can be given by,

H .
¥ (1-et izt
k=1
M
e Y o e e g
o |
Hee T, is the sampliog wme, In this method, o maintain the frequency  msponss
characteristios of analog fiher noemal; the asmpling fserval [T, b s kept very bow in onder too avodd
uHaslng,
125 Leasst sguares fiter design :

This method is wsed e design digital IR flee directly without dolng any conversion.
Comseder that we have to design digital IR filicr which contains oy poles. The imnsfer function of
such filter [s given by,

H{Z) =

By
iy
14 E aal_t
k=1
The desired wransfer. fumction i3 demoted by Hy £ Congider the cascade comaection of

H{Z) =

L)

Hy (2 ) with ;-Ilq'_l.r_',l as shoswm n Fig. A Note thac i% all zere TyEcL

|
Hi{Z)
Conssder that input applied to this cascade connection i 8¢ n ). Actaally yia) = &(n ) this
is beciuse we are cnscading a Gltering and inverse fillering aperation. Here H (2 ) i3 approximation
of desired frequency respanse H (7 ),



As shown in Fig.K-4 the input applied to inverse filter is b (1) and its response is H(Z)
d From Equation (1} we hove,
M
1+ E aiE._h
1 k=|
HiZ) ~ by it
The aetual outpal is,
I |
L
yin) = hynps X aboin=k) i3]
- k=1
i
- i) Rgln) 1 v}
H X
| ] HiT) B 4n)
| i
: BT
i
! Minimize
SRerulieRt - the sum of
squared Brrors

Fig. K- : Least square inverse. filer design

Here for n=0, v {n’) represents the eoor between the desired oncput and the actual ougpat.
Tere the parameier & i seleSied f minimize the sum of squares of ermor sedqience.

x = ¥ ¥ o) .4
a=1
Puting Equstion (3) i Bguaton (4 we pel,
& N lj
1
£ = E 0 b (n)+ Z a b in—k) o
n
ne | k=1

By diffeséntisting Byuation (3} with retpect o 8, resubis into the set of loesr differseiial
equations. By solving these eguations the coefficients of desired flter can be obtnined,



